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AN ISOTR PIC BODY t 

(BO, 

T 

ABSTRACT. The elastic equi l ibr ium problem f o r  bodies 
l imi t ed  by planes and spheres  is t r e a t e d  using t h e  theory 
of Green's func t ions  and harmonic func t ions  f o r  t he  case 
of given stresses and displacements on the  boundary, as 
w e l l  as f o r  t h e  mixed problem. 

REPORT I1 

i e s  Limited by Two P a r a l l e l  Planes o r  Two Concentric Spheres) 

L. Problems i n  Which t h e  E l a s t i c  Body i s  Limited by Two P a r a l l e l  
P 1 anes *.* 

- /13* 

1. Green Functions and Harmonic Functions. L e t  us assume t h a t  t h e  two 
planes l i m i t i n g  t h e  e las t ic  body a r e  the  two planes z = 0 and z = h ,  which w e  
w i l l  i n d i c a t e  by a and 0 

combination of CI The por t ion  of space l imi t ed  by them a l s o  re- 

t a i n s  i t s  no ta t ion ,  S. 

respec t ive ly ,  whi le  w e  w i l l  cont inue t o  denote t h e  
1 2 '  
and a2 by u. 1 

I f  A E (x, y, z )  i s  a poin t  i n  S -- i . e . ,  such t h a t  0 < z < h -- l e t  us  
consider  t h e  i n f i n i t e  series of po in ts :  

A - ( z ,  y, -2)) A * = @ ,  y, 2 h  k)) A * r ( z ,  y, - 2 h - - z ) , . . . , '  
Am E (z, Y) 2 91 h + z) ,  At,+, (r,  Y, - 2 1) h --z),. i. 

' 

A ' a E ( r !  y, 2h-2)) A',=(Z,  y, - 2 h + + ) ,  A ' , E ( z ,  9, 4 h - ~ t ) ,  ..., 
A'2n-a (r, 9, 2 12 11 -2)) A'tn E (2, y, - 2 It + Z )  , . :. 

which are t h e  two series of successive images of po in t  A wi th  r e spec t  t o  t h e  
two p lanes  a and a2, t h e  images being a l l  loca ted  ou t s ide  of S ,  except AI, 

which may f a l l  w i th  A on plane al ,  and A i ,  which may f a l l  wi th  A on plane a 

L e t  u s  c a l l  

/14 
1 

2 '  

ri, Y i )  "3,**., "zn, r s n t i * * * -  

* Numbers i n  t h e  margin i n d i c a t e  paginat ion i n  t h e  o r i g i n a l  fore ign  text .  
** I n  t h i s  second r e p o r t  on elastic equi l ibr ium equat ions f o r  an i s o t r o p i c  
body, j u s t  as i n  those  which may s t i l l  follow i t ,  w e  w i l l  continue t o  apply 
t h e  p r i n i c p l e s  e s t ab l i shed  i n  t h e  f i r s t  r epor t .  
s a r y  t o  r e f e r  t o  t h e  r e s u l t s  es tab l i shed  i n  t h a t  r e p o r t ,  w e  w i l l  add t h e  in-  
d i c a t o r  (I) t o  t h e  c i t a t i o n .  

Every t i m e  i t  becomes neces- 

1 



r'l,  r't t r's 9 . r'tn-t, rgl,,, . . . 1 

t h e  re la t ive d i s t ances  of each of t hese  poin ts  from t h e  same po in t  (6, TI, 5 )  
i n  S ,  and l e t  us  cont inue t o  c a l l  r t h e  d is tance  from t h i s  po in t  ( E ,  TI, r ; )  t o  
A. When t h e  poin t  ( 6 ,  n ,  5 )  f a l l s  on alY w e  w i l l  have 

r = rr , ?'¶ = Y:, , . . . , rrn = rtn+l , . . . , 
rvl = rrz , tJs = rr, ,  . . . , rptn-s = rtln , . . . , ' 

I 

wherever A may be i n  S ,  whi le  when poin t  ( E ,  TI, 5 )  f a l l s  on 0 w e  w i l l  have 2 
I 
I rl r, , ra = r, , . . . , r1n-t = r t n  9 * 3 

r = r', , = rfs , . . . , + m + r  7 - 1 

Thus when po in t  ( E ,  n ,  5 )  i s  f ixed  somewhere i n  S ,  we  have 
I 

r = r4 , rz = rfr , rs = rrz , . . . , rn = r*.,-c 9 - - 9 

while  when A i s  chosen on a2 w e  have 1' 
r = r , ,  r l = r r ,  ~ ' ~ = r ¶  ,..., r n = r n - l  ,... 

, assumed t o  be de- I n  t h e  space region 5 1 0  t h e  funct ion - - - - r2n r2n+l 
pendent on €,, TI, 5, i s  harmonic i f  i t  becomes zero a t  i n f i n i t y  on plane ol, 

w h i l e  it becomes i n f i n i t e l y  l a r g e  and pos i t i ve  when poin t  (6, TI, C) f a l l s  i n  

A2n 9 

reg ion  under cons idera t ion ,  5 - 0, and hence a l s o  i n  S 

1 
I 

when A is  chosen on 0 

' I  I ,  

1 l 

which belongs t o  t h i s  por t ion  of space. From t h i s  we  ob ta in  i n  t h e  

f o r  which the  series 
I 

assumed t o  be  dependent on 6, 11, 5, i s  a series of harmonic func t ions ,  r egu la r  
i n  S and a l l  p o s i t i v e ,  except on p lane  (J 

zero.  On al, series g i s  i d e n t i c a l l y  zero,  while  on 0 i t  i s  reduced t o  

r 2  r l  
converging abso lu te ly  and t o  an equal  degree i n  S and represent ing  a harmonic 
and r e g u l a r  func t ion  i n  t h i s  reg ion  and a l s o  i n  a wider region.  
f i e l d ,  g i s  d i f f e r e n t i a b l e  term by term any number of t i m e s ,  and t h e  d e r i v a t i v e  
series are a l s o  harmonic and r egu la r  funct ions.  

and a t  i n f i n i t y  where they become 1 

I15 
2 - - - -  1 - I . Thus, based on t h e  theorems of Vo l t e r r a  and of Harnack, g i s  a series 

I n  the  same 

The series 

have similar p rope r t i e s .  This becomes zero i d e n t i c a l l y  on 02, while i t  be- 
l 

r l  comes equa l  t o  -,- on al. 

2 



I Green's func t ion  G re la t ive t o  space S and t o  po in t  A i n s i d e  S i s  there-  
f o r e  

For the  normal d e r i v a t i v e  of G ,  we  w i l l  have on al 

2 and on 0 
. .  

. .  . .  

Therefore ,  i f  @ is  a harmonic funct ion r egu la r  i n  S 
p o i n t s  a t  i n f i n i t y  i n  S with a higher  order than 1 , and 

t h e  va lue  of func t ion  @ a t  po in t  A may be represented by 
r 

and becomes zero  i n  
poin t  A is i n s i d e  S ,  

formula 

(5) 

OD (218 + r ) n - 2  $I (0 ["" Y' + g. (- )'1 2'1 

5 

1 a- 

. m  

*. 
Noting t h a t  -- s i n c e  t h e r e  are two series of harmonic and r egu la r  func t ions  

i n  S 

3 



converging t o  an equal  degree on u 

i n t e g r a t i o n  i s  permiss ib le  i n  expression (5 ) ,  we  may a l s o  write 

and a2, and the re fo re  i n  S -- term by term 1 

0, ' 01 a* 

It i s  conversely a l s o  easy t o  demonstrate t h a t  whatever are t h e  va lues  
assigned t o  @ on o 

t i o n s  of t h e  po in t s  i n  these  two p lanes  and are such t h a t  p @, p = J(x - 5 ) 2  + 
+ (y - n)Z, becomes zero i n  po in t s  a t  i n f i n i t y  i n  a expression (5) o r  
( 5 ' )  def ines  a func t ion  of po in t  A which is  harmonic and r egu la r  i n s i d e  S and 
tends toward t h e  assigned values  i n  t h e  po in t s  i n  a .  
t h e  preceding assumptions, each of t h e  terms i n  expression ( 5 ' )  i s  f i n i t e ,  
wherever A may be i n  S ,  and r ep resen t s  a harmonious and r egu la r  func t ion  i n s i d e  
S. The two series 

and u , provided tha t  they form f i n i t e  and continuous func- 1 2 
/17 

and u 1 2'  

And i n  f a c t  i f  @ s a t i s f i e s  

converge i n  equal  degree on u 

express ion  (5 ')  are harmonic and r egu la r  func t ions  i n s i d e  S.  I f  i t  i s  observed 

and 02; hence they and func t ion  @ defined by 1 

t h a t  

w e  have 

and t h e r e f  o r e  @ 

may be s a i d  f o r  

i n  the p o i n t s  

the po in t s  i n  

lim 9 = - 1 lim JcPfdo 
,so 2 Z d  

i n  o tends toward the assigned values .  The same 

o I n  sho r t ,  t h e  two series 

01 

1 

2'  
2 n k - z  - 

1 

4 



38 4- a)?& - 2 - (8rJ--1)A+zk=h 
511 1 f2 en-, 

considered as dependent on x ,  y ,  z are convergent t o  an equal degree on u 
u and t h e r e f o r e  a l s o  inasmuch as t h e i r  terms from a c e r t a i n  moment onward 

(when A,  always included i n  S ,  i s  s u f f i c i e n t l y  d i s t a n t )  are p o s i t i v e  and less 
than t h e  terms of t h e  r e spec t ive  series 

and 1 

2'  

and s i n c e  these  converge and become zero i n  po in t s  a t  i n f i n i t y  i n  u and i n  

u a t  least  l i k e  - , t h e  i n t e g r a l s  which appear i n  expression (5) are a l s o  

f i n i t e  and r ep resen t  harmonic and regular func t ions  i n  S. 
i n t e g r a t i o n  i s  permit ted i n  expression (5) ,  CP may a l s o  be  represented by ex- 
p re s s ion  (5).  

1 
/18 1 

2 '  P 
Since term by term 

The a n a l y t i c a l  expressions obtained f o r  CP could a l s o  have been derived by 
applying Schwarz's a l t e r n a t e  procedure. 
tended over u are i n  f a c t  t h e  successive r e f l e c t i o n s  on planes u and u of 

t h e  harmonic and r egu la r  func t ion  i n  region 5 

va lues  assigned t o  CP i n  t h i s  plane.  
which con ta in  i n t e g r a l s  extended over u 

The terms containing i n t e g r a l s  ex- 

1 1 2 
0,  which i n  u assumes t h e  1 

And t h e  same may be s a i d  of t h e  terms 
- 

2' 

2. A s  a consequence of t h e  absolu te  and uniform convergence of series g 
i n  S t h e  abso lu te  and uniform convergence of s e r i e s  

is  l ikewise  deduced. 
p r o p e r t i e s  similar t o  those  of g .  It becomes zero i d e n t i c a l l y  on u while  

on u i t  is  reduced t o  

5, considered i n  S as dependent on 5 ,  q, 5 ,  possesses 

1' 

2 

I n s t e a d ,  the normal d e r i v a t i v e  of 5 on u becomes 1 

whi le  on o i t  is  reduced t o  S imi l a r ly ,  from t h e  convergence of 2 

series 

5 



whose convergence is  absolu te  and of equal degree i n  S ,  
degree convergence of s e r i e s  

t he  absolu te  and equal- 

-, 1 g = -,- - (7) 

is  derived. This series possesses p rope r t i e s  l i k e  those of g ’  i n  S -- on cs, /19 
I it  reduces t o  - , while on o2 i t  reduces t o  r ’ 2  

Ins t ead ,  f o r  t he  normal d e r i v a t i v e  9’ we f i n d  t h a t  on o1 i t  reduces t o  

-2Jc -( z v - 2 n h + z  - 2 (- 1)” -7,- r’3, 2 * * P I  ’ 1 
while  on o it i s  i d e n t i c a l l y  zero.  Hence, func t ion  2 

I 

- 1 1  1 - -  
G‘;-- + z - g - g ’  I rr 

becomes zero i d e n t i c a l l y  on ol, while on cs 

becomes zero i d e n t i c a l l y .  
problem of determining the func t ion  which i s  harmonic and regular  i n  S and 
such t h a t  it assumes given va lues  on ol, while  i ts  normal d e r i v a t i v e  assumes 

given va lues  on 02. 

i t  i s  t h e  normal d e r i v a t i v e  which - 2 
G is  therefore  t h e  Green func t ion  which so lves  the  

I ts  a n a l y t i c  expression w i l l  be given by 

6 



3 .  

(5) ,  which we w i l l  be a b l e  t o  w r i t e  as 

To determine t h e  a n a l y t i c  expression of t h e  harmonic func t ion  whose 
normal d e r i v a t i v e  assumes given va lues  on CY and CY l e t  us  s t a r t  from formula 1 2’ 

- 120 

I n  t h e  series which appear under the i n t e g r a l s ,  i t  i s  not  permiss ib le  t o  

... a r e  d ivergent .  L e t  us no te ,  however, t h a t  f o r  t h e  Mit tag-Leff ler  

reverse t h e  summation s i g n  and the  d e r i v a t i v e  s i g n ,  because the  series 
“ 1  Cn - r 2 n y  1 
theorem extended t o  the  harmonic functions of Professor  Appell*, t h e  series 

are abso lu te ly  convergent and i n  equal degree,  except i n  t h e  po in t s  i n  which 
some r become zero,  f o r  which -- not ing  t h a t  i n  space S none of t h e  r ‘ s  which 
appear  i n  t h i s  series become zero -- w e  may w r i t e  

and t h e r e f o r e  

From t h i s  formula i t  may be deduced t h a t  t h e  func t ion  which i s  harmonic 
and r e g u l a r  i n  S - I21 

* 
p. 326. 

“On t h e  Functions of Three R6al Variables ...,” Acta Matematica, Vol. 4 ,  

7 



is  such t h a t  i t s  normal d e r i v a t i v e  acquires  the  given va lues  of 2 IT 
1 @ i n  0 

and 02. 

Expression (10) a l s o  shows t h a t  a funct ion harmonic and r egu la r  i n  S may 
always be put  i n  t h e  form of a de r iva t ive  wi th  respec t  t o  z of a func t ion  a l s o  
harmonic and r egu la r  i n  S. 

4 .  L e t  us  now add t h e  following cons idera t ions ,  which w e  w i l l  use  con- 
s t a n t l y  i n  the  following. L e t  us r e c a l l  t h a t  any func t ion  which i s  harmonic 
and r egu la r  i n  t h e  reg ion  z > 0 is  representab le  by means of a series of t h e  
form 

- w  

which i s  abso lu te ly  and uniformly convergent i n  t h a t  reg ion ,  where p ,  w, z i s  
a system of c y l i n d r i c a l  coord ina tes ;  

and of order  m ;  a ( y ) ,  b (y), two func t ions  of y ;  and rn, a p o s i t i v e  whole 

number which can vary from zero t o  + a. 
(11) represen t s  a harmonic and regular  funct ion i n  the  region z > 0 which be- 
comes zero  f o r  z = + O J .  

by i n e q u a l i t y  z > 0,  but  it i s  c l e a r  t h a t  the same holds  t r u e  i n  any reg ion  
l imi t ed  by a plane.  

the Bessel func t ion  of t h e  f i r s t  kind Jmy 

m m 
Conversely, any series l i k e  expression 

We have assumed that the reg ion  i s  t h e  one de temined  

More gene ra l ly ,  any func t ion  which is  harmonic and r egu la r  i n  reg ion  S ,  
i .e . ,  0 < z < h ,  is representab le  by means of an expression of form 

, 
00 

t h e  two series being abso lu te ly  and uniformly convergent i n  t h i s  f i e l d ,  and 
v i c e  versa, as above. 

Th i s  l as t  r e s u l t  may be e a s i l y  deduced from expression (5) by developing /22 
t h e  i n d i v i d u a l  terms i n  accord wi th  formula (11) and summing wi th  respec t  t o  
n. 

F i n a l l y ,  l e t  us  observe t h a t ,  i f  an expression l i k e  expression (12) i s  
* Heine, Handb. de r  Kugelf. (Manual of Spher ica l  Funct ions) ,  Vol. 2 ,  p. 189. ** Sen is c o r r e c t l y  s i n  i n  English terminology. 
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i d e n t i c a l l y  zero i n  S ,  t h e  func t ions  am(y),  bm(y);  sm(y) ,  gm(y) must be zero.  

Case i n  which u, v,  w are given on the tu0 l i m i t i n g  planes. L e t  u s  
assume t h a t  t h e  va lues  of u ,  v ,  w given on o are such by na tu re  t h a t  t h e  r e s u l t s  
of the  preceding sec t ions  and formulas (5) o r  (5') and similar formulas from 
Report I may be appl ied .  I f  w e  then des igna te  by U,  V ,  W t h e  func t ions  harmonic 
and r egu la r  in S which on o 
f o r  t h e  formulas j u s t  c i t e d  w e  w i l l  have 

. 
5 .  

acqui re ,  r e spec t ive ly ,  t he  given va lues  u ,  v ,  w, 

And, i f  w e  set 

w e  w i l l  a l s o  be a b l e  t o  write more b r i e f l y  

I 

I 

9 



(13 ' )  ?U =7v - 

8 =  - 1 ? - a  
A" (yfn - yn)- 2; -= 

The problem which w e  have proposed w i l l  apparent ly  be solved i f  w e  succeed 
i n  determining func t ions  + so  t h a t :  (1) equat ion 

is i d e n t i c a l l y  s a t i s f i e d  i n  S;  ( 2 )  i n  the same region S and on 0 t h e  v a l u e s , +  
and t h e i r  f i r s t  d e r i v a t i v e s  are f i n i t e ;  (3) t h e  values  of @ themselves are 
harmonic and r egu la r  i n  S;  ( 4 )  f o r  z = 0: 

.?o= ' f  I )  ? ' l = y ' - , ,  ? - , = T I  ,... ,. :"*=pf-", p n = P n - , , . . . ;  
(5) f i n a l l y ,  t he  series which appear on the  r i g h t  s i d e s  of equat ions (13) must 
be convergent and d i f f e r e n t i a b l e  a t  least twice i n  S. 

With these  va lues  f o r  $,an attempt must now be made t o  s a t i s f y  equat ion 
(15), which may be  w r i t t e n  

10 



The second term i n  t h i s  equat ion,  s ince  i t  is a harmonic anb r egu la r  
func t ion  S ,  may i n  t h i s  reg ion  b e  represented by an  expression of t he  form 

I . 1. 
Srn (a,)) cos vi ~j + t-, sen ni W) J,,b p) d 7 + 

I 

(17) 
OD 

0 i '  
- 

f x ~ , i j e - ~ ( ~ - ~ )  (a ,  COS 911 w f Kn Sell ft l  GI)& (7 p) d 7 
0 I - 

3 

where a b are func t ions  of y which are assumed t o  be  known, Sub- 

s t i t u t i n g  i n t o  expression (15 ' )  t h e  values of @, 0' and of ax+ - +  ay - az given 
au av aw my bm' a m y  m 

by expressions (16) ,  (16 ' ) ,  and (17) and s e t t i n g  the  c o e f f i c i e n t s  of  

i n  t h e  two terms equal ,  t h e  following equations are obtained 

and 

/25 

11 



The va lues  of $,, $', and t h e r e f o r e  a l s o  t h e  o the r  va lues  of 0 compiled - /26 

according t o  expressions (16) and (16 ' )  wi th  those va lues  of f m c t i o n s  a m y  b m y  

a b are absolu te ly  convergent and of equal degree i n  region S as a con- 

sequence of the convergence of series (17), which is  abso lu te  and of equal 
degree i n  t h e  same region.  

- - 
m y  m 

The same p rope r t i e s  are possessed a l s o  by the  series 
co W 

C$n, C$-n, ... and t h e  o the r s  which appear i n  the  second term of expression 
1 1  
(13 ) ,  as i s  e a s i l y  v e r i f i e d .  
t h e  f i r s t  and second de r iva t ives  a l s o  on 0, the  @I w i l l  a l s o  possess these  
p r o p e r t i e s .  

I f ,  moreover, U ,  V ,  W are f i n i t e  toge ther  with 

6.  With t h i s ,  the problem is  solved. We should l i k e  now t o  add t h e  
following developments which serve  t o  complete the  a n a l y t i c a l  r ep resen ta t ion  
of t h e  so lu t ion .  L e t  us  suppose t h a t  i n  S 



Then, assuming t h a t  x = p cos a, y = p s i n  a: 

w 

. 

* It i s  s u f f i c i e n t  t h e r e f o r e  t o  note  t h a t  

13 



i n  whose summations rn always varies from zero t o  + 03. 
t h e  B's with zero subsc r ip t  and t h e  a ' s  and 6 ' s  with subsc r ip t  -1 are zero.  

W e  assume however, t h a t  /28 

We then f ind  

- 
whi le  are given by t h e  same formulas, provided t h a t  s t r o k e s  are 

added t o  a l l  t h e  a ' s  and 6 ' s  and the  s igns are changed on t h e  l as t  terms. 

and b m 

When U,  V ,  W are given expanded i n t o  series i n  form (20) i n  S ,  and the  - 
func t ions  a bm; am, E 
t i o n s  a and B which e n t e r  i n t o  U ,  V ,  W by expressions (19) and ( 2 1 ) ,  t h e  solu- 
t i o n  of our problem may a l s o  be represented by t h e  following formulas': 

are understood t o  be  determined by means of t h e  func- m 

I !  /29 
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+ &, 6en tit GJ) JIM (7 p) d y, 

- - - 
i n  which formulas it must be assumed t h a t  bo = bo = a-l = a-l = b-l - - b-l = 0. 

7 .  Case in which L,  M, N are given on the two l i m i t i n g  planes. This  new 
problem could b e  e a s i l y  solved d i r e c t l y  by s t a r t i n g  from expressions (8) (I) 
and making use  of t h e  formulas which gives  t h e  func t ion  which i s  harmonic and 
r e g u l a r  i n  S by means of the va lues  which i t s  normal d e r i v a t i v e  acqui res  on o ,  
which has  been constructed f o r  No. 3 .  It i s  perhaps more convenient t o  make 
t h e  problem depend on t h e  preceding problem by observing t h a t  the  i n d e f i n i t e  
equat ions  der ived  wi th  r e spec t  t o  z give  u s  

Wri t ing t h e  formulas s imi l a r  t o  expression (13) f o r  t h e s e  equat ions and 
not ing  t h a t  t h e  func t ions  which are harmonic and r egu la r  i n  S -- which on o 

assume t h e  va lues  *, *, aw f o r  t h e  sur face  condi t ions ,  i . e . ,  as ar;  ar; 
on o1 : 

and on a2: 

are i d e n t i c a l  , r e spec t ive ly ,  t o  

15 I 



where e ,  8, !)I i nd ica t e  the  funct ions which a r e  harmonic and regular  i n  S 
which assume on 0 

and on a, t he  values  of L,  M y  N given on un with t h e i r  own s ign ,  we ob ta in  

the  values  of L ,  M ,  N given on t h i s  plane with changed s ign  1 

L L 

Cal l ing  $,, $by  $,, $-n, $ In ,  -n t h e  expressions s imi l a r  t o  I$ of t h e  /31 
preceding problem when i n  t h e  respec t ive  i n t e g r a l s ,  ins tead  of 8 ,  w e  s e t  

a <  
- t h e  formulas ( 2 4 )  may be wr i t t en  

- 
The problem i s  reduced t o  determining the  unknown funct ions w' 1' w 2  and 

t h e  va lues  of $, so  t h a t  t h e  following holds i d e n t i c a l l y  

1 6  



and so  t h a t  t h e  va lues  of $ s a t i s f y  t h e  same condi t ions  2 ,  3 ,  4 ,  and 5 which 
are s a t i s f i e d  by 0 of  t h e  preceding problem. 

Of equat ions (25), only the t h i r d  is a condi t ion  f o r  t h e  va lues  of $. 
When t h e s e  func t ions  are determined, the  f i r s t  two of equat ions ( 2 5 )  are de- 
termined by quadratures;  w1 and w 
s ion  ( 2 4 )  o r  ( 2 4 ' )  by means of quadratures.  

- - 
and u,  v ,  w are a l s o  determined by expres- 2 

Noting t h a t  

w e  may w r i t e  t h e  l a s t  equation i n  expression ( 2 5 )  as 

17 



- 
the functions a m, bm; a 
_c m y  m 
6 from expression (21). 

of y being expressed by means of functions a and 

If we now hypothesize: 

io = Sl,lfe-iz (till; cos 711 5,- + t,l, ?en m w) J,, (7 p )  d 7, ' 
0 

- I 3 3  the other values of I) will be determined, like the corresponding values of 
0, by expression ( 1 6 ' ) .  

expression ( 2 5 ' ) ,  simil*ar expressions for the other values of J I ,  and expression 
Then substituting expression ( 2 9 )  for $o, $lo in 

* 
and into J Io ,  $lo, with the same name which we called the similar functions 
which enter into U, V. W and into $I 

the sake of simplicity and because there is no room for any misunderstanding. 

We have indicated the indeterminate functions of y which enter intof, m,qy 

@lo in the preceding problem, both for 0'  

18 



The problem is solved,  except f o r  performing t h e  quadratures ,  and v e r i f i -  /34 
ca t ion  of t h e  s o l u t i o n  may be r ead i ly  provided by bear ing i n  mind what has  been 
s a i d  f o r  t h e  preceding problem. 

8. To complete t h e  a n a l y t i c a l  desc r ip t ion  of t h e  so lu t ion ,  l e t  us 

' I  

i n  which formulas i t  i s  understood t h a t  t h e  term corresponding 
s u i t a b l y  modified s o  that t h e  i n t e g r a l  w i l l  b e  f i n i t e . *  

d 7, ,' 1 
t o m = O  

se t  

(31) 

i s  

* To cons t ruc t  t h e  expression,  f o r  example, f o r  without misunderstanding, i t  
may be remarked t h a t r , r e p r e s e n t s  t h e  harmonic func t ion  i n  S whose normal der- 
ivative assumes on u t h e  values  L ,  and the re fo re  use may be made of formula 
(10) i n  which t h e  condi t ion  is made t h a t  

It then  s u f f i c e s  t o  develop 1 
r2n 

( loc .  c i t . )  and t o  sum with respec t  t o  n. 

i n  Bessel func t ions  , as w a s  done by Heine 

19 



Simi lar ly ,  l e t  us  i n d i c a t e  by a l e t t e r  o r  a s t roke ,  o r  w i th  two s t rokes  on top,  
every funct ion which i s  harmonic and regular  i n  S whose d e r i v a t i v e  wi th  respec t  
t o  z ,  o r  whose second de r iva t ive  wi th  respect t o  z ,  i s  t h e  func t ion  which i s  
harmonic and r egu la r  i n  S represented bh t h e  same letter without s t rokes .  
w i l l  thus  have 

We /35 

These formulas, f i n a l l y  -- by s u b s t i t u t i n g  expressions (29)  and similar 
ones f o r  va lues  of TJJ and performing t h e  summation wi th  respec t  t o  n -- may be  
formulated as follows - I 3 6  

* I f  t h e  $Jn, Ji', are represented by i n t e g r a l s  extended over  a or  0 i t  

must be understood t h a t  i n  these  formulas 
1 2 '  

20 



... 

i 

(25") 

I 
/37 

I 
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- - - - 
i n  which formulas i t  must s t i l l  be assumed that b = bo - - aBl = aml = bwl - 0 
= b-l = 0. 

8. Cases i n  which other conditions are given on the two Zimiting planes. 
By t h e  use  of methods s i m i l a r  t o  t h e  preceding ones, a l l  t h e  o the r  problems i n  
which some of t h e  displacements and some of t he  stresses on 0 are given may be  
e a s i l y  solved.  These problems a l s o  include the  four  i n  which both on u 

u (1) u ,  v ,  N ;  (2) L ,  v, w o r  u ,  M y  w; (3)  u,  M y  N o r  L ,  v ,  N;  ( 4 )  L ,  M y  w 

are given. To o b t a i n  t h e  so lu t ion  of these  problems, i t  i s  s u f f i c i e n t  t o  
combine i n  proper fash ion  expressions (13) o r  ( 1 3 ' )  derived wi th  r e spec t  t o  2, 
and expressions ( 2 4 )  o r  ( 2 4 ' ) ,  and t o  bear i n  mind t h a t ,  g iven 0, and $Io ex- 

panded i n t o  series, as by expression (16), t h e  expansions i n t o  s i m i l a r  series 
of J,, and $Io are 

and on 1 

2 

These va lues  of J, and are e a s i l y  expressed by a series of d e r i v a t i v e s  
0 

of 0o wi th  r e spec t  t o  z ,  and may be obtained by s e t t i n g  equal  t h e  c o e f f i c i e n t s  

of the two s i d e s  of the  equation 

(*) rn  this formula, w e  must n o t e  that  a,, b,, Z$,, cm have a f a c t o r  y.  

22 



I n  addi t ion  t o  t h e  four  preceding problems, twenty o t h e r  problems may be  
solved with equal  ease, i . e . ,  those i n  which on one of t h e  planes,  f o r  example, 
u ,  v ,  w o r  L ,  M y  N are given on ol, o r  one of t h e  o the r  s i x  combinations en- 

umerated above, whi le  on u o t h e r  condi t ions are given,  always taken from these  

combinations, bu t  no t  i d e n t i c a l  t o  those given on u To so lve  these  o t h e r  

problems, t h e  formula must a l s o  be  used which g ives  t h e  func t ion ,  harmonic i n  
S ,  i n  terms of t h e  va lues  which t h i s  func t ion  assumes on one of t h e  p lanes  and 
by means of t h e  va lues  which i ts  normal de r iva t ive  assumes on t h e  o the r  plane,  
and of t h e  corresponding Green func t ion  of which we  spoke i n  No. 2. 

2 

1' 

Among a l l  of t h e s e  problems, spec ia l  mention should be  made of t h e  t h r e e  
i n  which t h e  normal component of t h e  stress and t h e  t a n g e n t i a l  components of 
t h e  displacements on any one of t h e  planes i s  given,  o r  vice versa, because t o  
so lve  them it  is  not  necessary t o  have recourse t o  expansions of s p e c i a l  func- 
t i o n s  i n t o  series. Availing ourse lves ,  i n  f a c t ,  of one property of t h e  elasti-  
c i t y  equat ions taken from Professor  Somigliana* w e  may -- by s t a r t i n g  wi th  t h e  
s o l u t i o n s  of  similar problems given on page 13 of Note I and r e l a t i v e  t o  t h e  
case i n  which t h e  e las t ic  body i s  l imi ted  by a s i n g l e  plane -- formulate in-  
f i n i t e  s o l u t i o n s  of t h e  e l a s t i c i t y  problem wi th  success ive  r e f l e c t i o n s ,  i n  
Professor  Somigliana's sense,  wi th  respect  t o  planes al and u 

i n f i n i t e  s o l u t i o n s ,  t h e  so lu t ions  of our problems may b e  formulated by an al- 
t e r n a t e  method. 

/39  - 
With these  2 '  

11. Problems i n  Which t h e  Elast ic  Body i s  Limited by 
Two Concentric Spheres 

1.  Green's &netion and Harmonic Function. About t h i s  very well-known 
t o p i c  w e  w i l l  say  as much as is  necessary i n  o rde r  t o  proceed s a f e l y  i n  our  
computations. L e t  us  assume t h a t  t h e  two spheres  l i m i t i n g  t h e  e las t ic  body 
have as t h e i r  common cen te r  t h e  coordinate o r i g i n ,  and l e t  u s  i n d i c a t e  t h e i r  
su r f aces  by u and 02, and t h e i r  r a d i i  by R R2,  r e spec t ive ly ,  and l e t  R1 < 

1 1' 
< R2. 

02, and by S t h e  po r i ton  of space l imi ted  by them. 

Meantime, w e  s h a l l  cont inue t o  ind ica t e  by u t h e  combination of u and 1 

I f  A E (x, y ,  z) i s  a po in t  i n s i d e  S and ( 6 ,  TI, C) any o the r  po in t  of S ,  
l e t  us set  

I 

2 = \(XZ + 3' + 2 9 ,  p =it*  + q? + <f 

which is  t h e  n o t a t i o n  a l ready  adopted. 
t h e  i n f i n i t e  series of  po in t s  A 1, A2, ..., A 

i n  success ion  the  r ec ip roca l s  of A f i r s t  wi th  respec t  t o  a1 and then wi th  
* 
Redicont i  dell'Accademia d e i  Lince i ,  V o l .  11, half-year , s igna tu re  5 , 
f a s c i c l e  4 .  

Together wi th  po in t  A, l e t  us  consider  ... which are obtained by tak ing  n'  

"On t h e  P r i n c i p l e  of t he  Images of Lord Kelvin and t h e  E l a s t i c i t y  Equations", 
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r e spec t  t o  u 
s i d e  of u 
which are obtained by taking i n  succession the  r ec ip roca l s  of A f i r s t  w i th  
r e spec t  t o  u and then wi th  r e spec t  t o  u 1 2 '  
ou t s ide  of u and on the i n s i d e  of 0 A l l  t hese  po in t s ,  as i s  known, are 2 1' 
loca ted  on the  rad ius  vec to r  which goes t o  po in t  A. 

and ri t h e  d is tances  from t h e  o r i g i n  and from po in t  ( E ,  0 ,  c )  t o  Ai, and by Z f i Y  
r '  

which w i l l  a l t e r n a t e l y  f a l l  on the  ou t s ide  of u2  and on the  in- 

L e t  u s  consider  t h e  i n f i n i t e  series of po in t s  A'  1 y  A i ,  ... A:, ..., 2' 

1' 

which w i l l  a l t e r n a t e l y  f a l l  on the  

i L e t  u s  then des igna te  Z 

t he  d i s t ance  of t hese  same two points  from A' i i' We w i l l  c l e a r l y  have - /40 

have 
By known p rope r t i e s  of t h e  inversion,  when po in t  (5, q, c )  i s  on alY w e  

whi le  i f  po in t  ( 6 ,  71 , s) i s  loca ted  on u2 we have 

Rt 1 -  )... I ,.", - - -- I n, 1 
1'1 11 1'2 r2,i-l L l - 1  r x j z  

I f  -- when po in t  ( s ,  q, c) i s  chosen i n  any way -- i t  i s  A which f a l l s  on al 
and hence Z = Riy we have 

- _ -  - - 

I = 11 E ,  = E 1 , .  . . , li= l'i-c 3 - 
1 - z  I * ,  r 2 = y ' 1 , .  . . , r i = Y  i - l  3 - 9 

If A f a l l s  on a2 and hence Z = R2,  we have 

Series 
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i s  such t h a t  i t s  terms, considered i n  S as funct ions of 5, 11, 5, a r e  a l l  of 
t he  same sign' and a re  harmonic and regular  funct ions.  
noted, i t  reduces t o  1 on u while on u i t  becomes i d e n t i c a l l y  zero. The 

same series therefore  represents  a function which is  harmonic and regular  i n  
S and d i f f e r e n t i a b l e  term by term any number of t i m e s .  

- 141 
Based on what has been 

1' 2 r 

Series 

possesses similar proper t ies ;g '  becomes i d e n t i c a l l y  zero on u 

becomes equal t o  1 . 
S i s  a s  follows i n  t h e  most s u i t a b l e  form f o r  our ca l cu la t ions  

while on u i t  1' 2 
Thus Green's function r e l a t i v e  t o  point  A and t o  space 

r 

(36) 

The normal de r iva t ive  of G on o1 i s :  
. .  

I 

2:  and on CI 
I 

Function @ which is  harmonic and regular  i n  S ,  which assumes the values given 
on 0 ,  w i l l  t he re fo re  be represented by formula 

i 

- 1 4 2  
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2.  Noting t h a t ,  i f  @ i s  a harmonic func t ion  such as Z - a @  , it immediately a z  
. r e s u l t s  t h a t  i n  order  t o  formulate the  func t ion  which i s  harmonic and r egu la r  

i n  S whose normal d e r i v a t i v e  assumes assigned va lues  on u ,  i t  i s  s u f f i c i e n t  t o  

1 formulate the  func t ion  which i s  harmonic and r egu la r  i n  S which assumes on o 

1' t h e  va lues  given f o r  t h e  normal de r iva t ive  on t h i s  su r f ace  mul t ip l i ed  by R 

and on u2 t h e  va lues  given on o 

s i m i l a r l y  mul t ip l i ed  by R From the  func t ion  thus  formulated,  t h e  des i red  

func t ion  w i l l  be  der ived by quadrature.  

f o r  t h e  normal d e r i v a t i v e ,  t hese  va lues  being 2 

2 '  
So w e  have 

I 

and thus  

i (39) 
I 

The f i r s t  of t h e  i n t e g r a l s  which appear i n  t h i s  formula i s  c e r t a i n l y  
f i n i t e .  I n  order  t o  demonstrate t h e  f a c t  t h a t  t h e  second i s  a l s o  f i n i t e ,  l e t  

26 
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and t h a t  f o r  t h e  ex is tence  of t h e  des i red  func t ion  i t  must be assumed t h a t  

3.  For g r e a t e r  c l a r i t y  i n  f u t u r e  computations, l e t  u s  add t h e  following 
observat ions.  

Meanwhi 1 e 

where w e  have se t  

,_ 
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With these  pos i t i ons ,  expression (38) may b e  w r i t t e n  

I' ( 3 8 ' )  

Secondly, l e t  us remember t h a t  every func t ion  which is  harmoinc and 
r e g u l a r  i n s i d e  a sphere having i ts  center  a t  t h e  o r i g i n  may be  represented by 
a series which is absolu t ley  convergent and, of equal  degree i n s i d e  the  sphere.  
This  series has  t h e  form 

where X (x, y ,  z )  is a harmonic func t ion  homogeneous i n  x ,  y ,  z of whole and 

p o s i t i v e  degree m. 
o u t s i d e  a sphere having i t s  center  i n  the  o r i g i n  may be represented by a series 
of  form 

m 
S imi la r ly ,  every func t ion  which i s  harmonic and regular  

a 

. i  2; q , , l + q  (r, y, 2)  
0 

where X -(m+ll(x, y ,  z )  i s  a func t ion  harmonic, homogeneous i n  x ,  y ,  z of t h e  

whole nega t ive  -(m + 1) degree. F ina l ly ,  every func t ion  harmonic and r egu la r  
i n  t h e  space between two concent r ic  spheres having t h e i r  common cen te r  i n  t h e  
coord ina te  o r i g i n  may b e  represented by the  sum of the  two series 

4-0 ' xlN (', ?/, '1 -k Y l U  e y  - ( l J l + c )  (2, y, ') = ZW x,JI (', y> ') 
V 0 -a 

where X and X r e t a i n  t h e i r  former meaning. I f ,  on the  cont ra ry ,  w e  set m -m 
d G  OD 

(1) - = z,,l X-(IH+I)(r, y, z', 
(40)  

p*gy "I 9.5 V 

Ri- l=  d c - r  
4+R2 u 
--p -1. - Xn,  L k, y, z), 

. 4  

func t ion  @ given by expression (38' )  w i l l  a l s o  be  represented by formula - 146 
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L e t  us note ,  f i n a l l y ,  t h a t  func t ion  Z E may be constructed d i r e c t l y  by 

1 -  means of t he  values  which t h i s  func t ion  assumes on u ,  o r  i t  may be derived by 
a 2  

performing opera t ion  on expressions ( 3 8 ’ )  o r  ( 3 8 ” ) .  Comparing the  series 

expansions of 2 
U L  ??. which are thus obtained, i t  i s  immediately found 

a 2  

I 

t h a t  

( 4  1) 

4 [ ( I n - t  1)Ifpi ‘ + ~ ) z ~ ~ ~ ~ l ~ t I - ~ , , , - ( 2 ~ ~ ~ ~  l ) P J I + l  X-,,+cl i 

I f l  = 2,>. 0 - ~ + l - & + l  

t h e  va lues  of X en te r ing  i n t o  t h i s  formula always being those  which appear  i n  
expression ( 4 0 ) .  With t h e  a i d  of expressions ( 4 0 )  and (41) ,  i t  i s  easy t o  

I f i n d  a n a l y t i c a l  expressions f o r  t h e  func t ion ,  harmonic i n  S ,  which assumes 
given va lues  on one of t he  sphe r i ca l  su r f aces ,  while  
d e r i v a t i v e  assumes given values .  

4 .  Case i n  Which u, v, ZJ, are Given on the Two 
c a l l  U ,  V ,  W t he  func t ions  harmonic and regular  i n  S 
r e s p e c t i v e  values  u ,  v ,  w, and l e t  us note t h a t  

on the  o the r  t he  normal 

L i m i t i n g  Spheres. L e t  us  
which on u acquire  

I ’  
:‘r 

t he  

( 4 2 )  

. . . . . . . . . * . . . .  * . . . . . * . ;  

where t h e  unwri t ten formulas relate t o  t h e  similar i n t e g r a l s  extended over u 2 

and t o  those  i n  which 5 changes successively i n t o  rl and 5. I f ,  f o r  purposes 
of b r e v i t y ,  w e  then set 

I 4 7  - 
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t h e  usua l  formulas ( 5 )  &d s i m i l a r  ones i n  r e p o r t  I w i l l  i n  t h e  present case  
g ive  us  

i l  
. . .__. . . . . . . . * . . . . * . . . . . 

The o t h e r  two unwri t ten formulas a r e  derived from t h e  w r i t t e n  one by exchang- 
ing  u ,  U ,  x wi th  v ,  V ,  y and wi th  w,  W ,  z .  

/48 

The a t t e m p t  must now be made t o  determine t h e  unknown funct ions  0 09 'n' 
8 * O 1 o ,  0 '  -n ' n'  
s i d e s  of expressions ( 4 4 )  w i l l  be convergent i n  S and w i l l  tend on CI toward 
f i n i t e  va lues ;  (2) each of t hese  series w i l l  be harmonic and r egu la r  i n  S; ( 3 )  
between 0 with  t h e  d i f f e r e n t  subsc r ip t s  and the  corresponding va lues  of @ t h e  
fol lowing r e l a t i o n s h i p s  hold t r u e ;  ( 4 )  t h e  $ and wi th  subsc r ip t s  d i f f e r e n t  
from zero  w i l l  be  l inked  wi th  @,(x, y ,  z )  and $ I  (x,  y ,  z )  by t h e  following 

r e l a t i o n s h i p s  : 

$,, ..., so t h a t :  (1) t h e  series which appear on t h e  r i g h t  

0 

* 
q u a n t i t y  i n  bracke ts  7 f i s  an expression of t h e  func t ion  which i s  harmonic 
and r e g u l a r  i n  S which assumes va lues  x0 on IS. 

It is  use fu l  f o r  t e following d iscuss ion  t o  bear i n  mind the f a c t  t h a t  t h e  
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(45')  

It is  e a s i l y  v e r i f i e d  t h a t  under these  condi t ions expressions (44) re- 
present  t h e  so lu t ion  of our  problem. 

To achieve our  purpose, l e t  u s  observe t h a t , s i n c e  90 must be a func t ion  
which i s  harmonic and r egu la r  ou t s ide  the sphere of rad ius  R 1 ,  i t  may always 
be represented  with a series of form 

/49 - 

Since 9',  must be harmonic and r egu la r  i n s i d e  t h e  sphere of r ad ius  R2, i t  may 

be represented  by a series of form 
$0 = % XHlf, 

0 (47 ' )  
where X-(m+l) and Xm are s o l i d  spher ica l  harmonic func t ions ,  t h e  f i r s t  of neg- 

at ive o rde r  -(m + 1) and t h e  second of p o s i t i v e  order  m t o  be determined i n  
such a way t h a t  t h e  preceding condi t ions are s a t i s f i e d .  W e  w i l l  then have 

G. (]f,)'"(intd( 2 j'*n+' X--(,,l+*), 

&,I1 t I )  , Fl = $ * a  

(47") 
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( 4 7 " )  

Noting t h a t  
- -  X --- 8 a x-, 

1' X-Q ~ 

- - (ZX- , )=O o r  --. ax ax 
f o r  which t h e  terms which conta in  X-l i n  x8 + Z2 % and - 24-n are zero,  w e  

have 
ax  ax n 

- /50 
I + p. it -T u - - 
2 P  

,. .:. . . . . - ., . :. :; . . . . . . . 0 I '  

i n  which aga in  t h e  two formulas r e l a t i v e  t o  D and W ,  which are not w r i t t e n ,  are 
deduced from t h e  formula for u by interchanging u,  U ,  x and v, V,  y ,  and u ,  U ,  
x and w, W ,  z. 

where U U ... may be assumed t o  be known. L e t  us s u b s t i t u t e  i n t o  

express ion  ( 4 6 )  t h e  preceding values of U, V ,  W and t h e  va lues  of 8 and @ 
given by express ions  ( 4 7 ) ,  ( 4 7 ' ) ,  and ( 4 7 " )  and l e t  us i n  expression ( 4 6 )  set 
t h e  terms of degree m equal t o  those of degree -(m + 1 ) .  

m'  -(m+l)' 
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Assuming a l s o  

a u,“+, a J’..,+~ ~ T V , , + ~  au-, au-, arv-, 
+ T * X S  1 ( * I +  I )  = - e, = - + + -__ , 8- 

a x  a Y  a2 ,a X 
w e  w i l l  have the  equations 

i n  which subsc r ip t  m ranges from 1 t o  m. 

X 
Solving t h e  preceding equat ions f o r  

and X w e  f i nd  - (m+l) m y  

\ I  X=e , ,  X_,=te,  Ki 
. I1 

A x-(W#+ 1 )  = ;I 

Since p ( A  + 2p) > 0, A never becomes zero f o r  any whole and p o s i t i v e  
< R2.* This shows t h a t  t h e  /52 such t h a t  0 < R1 - value  of m o r  f o r  any va lue  of R 1 

* It is  somewhat d i f f i c u l t  t o  prove t h i s  a s s e r t i o n .  
by t h e  following l i n e  of reasoning. 

The goal  may be reached 
(Continued on following page). 

33 



problem always has one s o l u t i o n  and one only. 
convergence of the  series which appear i n  our formulas i n  region 5, ;it is  
s u f f i c i e n t  t o  compare them t o  the series 

To convince ourse lves  OK the 

which under t h e  assumptions converge i n  absolu te  and uniform fash ion  between /53 
5 R1,or t o  the series 

which converge absolu te ly  and uniformly f o r  Z < R2. 

This comparison may be made without d i f f i c u l t y .  F i n a l l y ,  t h e  va r ious  

* (Continued) 

s u f f i c i e n t  t o  demonstrate t h e  f a c t  t h a t  t h i s  property i s  possessed by t h e  ex- 
To show t h a t  A never becomes zero under t h e  condi t ions  ind ica t ed ,  it is 

press ion  

Expression (a) f o r  R = R becomes zero,  while  f o r  R = 0 it i s  g r e a t e r  than  

zero.  It i s  t h e r e f o r e  s u f f i c i e n t  t o  show t h a t  expression (a) decreases  con- 
t inuous ly  as R inc reases  from zero t o  R o r  t h a t  t h e  d e r i v a t i v e  wi th  r e spec t  

t o  R 

t ive  i s  given by 

1 2  1 

1 2'  
is  always negat ive ,  whatever m may be,  and f o r  0 < R1 < R2. This deriva-  1 

' +(-ly.-'-i- 23>q 

t h i s  formula completely proves our a s se r t ion .  
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terms on the  r i g h t  s i d e s  of expressions ( 4 4 )  and ( 4 8 )  w i l l  converge on u t o  
f i n i t e  limits i f  t h e  second de r iva t ives  of series ( 4 9 )  possess  t h i s  property,  
which may c e r t a i n l y  be  brought about by assuming t h a t  t h e  va lues  of u ,  v,  w 
given on u admit de r iva t ives ,  of the f i rs t  order  a t  least ,  with respec t  t o  t h e  
two parameters which spec i fy  the  p o i n t s  i n  u.  

5. Case i n  Which L ,  M ,  N are Given on the  T#o Limiting Spheres. L e t  us 
star t  from the  equat ions 

and write t h e  usua l  b a s i c  formulas f o r  these equat ions ,  s t i l l  r e t a in ing  f o r  a 
moment Green's func t ion  G 

. . . . . . . . . . . . . . . . . . . . . . .  i 

I 
We should remember t h a t  t he  sur face  condi t ions  are now 

' I  

on crl - 

on a2 
. . .  - .  -~ 

and w e  s h a l l  c a l l  
which on CI 

by -R1, and on u 

p re s s ions  ( 5 3 )  may then  be w r i t t e n  - 154  

p; N7 31 t h e  funct ions which are harmonic and r egu la r  i n  S,  

Ex- 
assume t h e  va lues  of L ,  M y  N given on t h i s  su r f ace  and mul t ip l i ed  1 

the  va lues  of L ,  M y  N given on u 2 2 and mul t ip l i ed  by R2. 

. . . . . . . . . . . . . . . . . . . .  ! 
- - -  

and it i s  a ques t ion  f i r s t  of determining 8 ;  w l ,  w2, w3 so t h a t  t h e  equat ions 
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are i d e n t i c a l l y  s a t i s f i e d .  

Based on t h e  r e s u l t s  of t he  preceding s e c t i o n ,  w e  w i l l  then have 

L e t  us  then  remember t h a t ,  s i n c e  

must be t r u e ,  t h e  following r e l a t i o n s h i p s  w i l l  hold: 
2pRl(~Y,,,-~YY,,,)--pt*I(zY,,~l-~~'J,-l)= 
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and 
and 
may 

and 

+ (2 ''t + 1) Pm-' 1" J-X-(,,+l)'+ 2 p (yy31-(,lltI) - -"Y*,-(,.+ I))], 1 

W = l ,  21. . . *  00 
t h e  o t h e r s  which are der ived from these by c y c l i c  permutations of x, y,  z 
t h e  s u b s c r i p t s  1, 2 ,  3 .  By means of t hese  r e l a t i o n s h i p s ,  expression (57) 
b e  r e a d i l y  w r i t t e n  i n  t h e  form 

/56 

t h e  o t h e r  two similar r e l a t i o n s h i p s  are der ived by c y c l i c  permutation of - - -  

The l a s t  terms i n  expression (53' )  are a l s o  e a s i l y  formulated when we 
n o t e  t h a t  from t h e  i d e n t i t y  
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w e  o b t a i n  

Therefore ,  applying t h e  r e s u l t s  of t h e  preceding paragraph t o  t h e  i n t e -  

- 1  g r a l s  : 

a 

and s u b s t i t u t i n g  i n t o  (53) t h e  expressions re la t ive t o  (57')  and similar ones, 
i t  

we f i n d  l - - = - - - - & 6 - - G I  a ? & -  e 1 .  . J  f + GT ,Z--Z 
a l  2y.  a ; L  2,u. I 

(53") 

, 
1 . . . . . * :. . . . . . . . . . .  . . . - - 

The o t h e r  two formulas f o r  v and w are deduced from t h a t  re la t ive t o  ti by - - -  
c y c l i c a l  in te rchange  of p, Yx, 11;; W1' W 2 '  w3; XY Y ,  z9 
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Now s u b s t i t u t i n g  expression (53") i n t o  the  f i r s t  of expressions (55) and - /58 - - -  
u t i l i z i n g  the  quoted r e l a t i o n s h i p s  between 0 ;  w w w3 '  w e  f ind :  1' 2'  

I 
I f  then w e  set 

m m 

V 1 1 V 

. " p  r = on1 + d m  --(,,I+ I)  > 91 = ZDIl 
Q + xml w . ( l l , t  I) 1 

I '  

and i n  equat ion  (60) set t h e  terms of degree rn equal  t o  those  of degree -(m + 1 ) / 5 9  - 
w e  o b t a i n  

f R, xo - I? -Y- I)) Ht  0 =(i. + 2 p) --- (H2 - I{,> 1 
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The second of these  equations requi res  t h a t  

R, Xa - I X,, = O 
and then from t h e  f i r s t  equation (58) and similar ones,  w e  a l s o  f i n d  t h a t  

R,  Yi,a- I Yi9-i = 0, i = 1) 2, 3. 
- -  

This  r e s u l t  shows t h a t  t h e  terms of degree -1 i n  8; w 1' w2' w3 are iden t i -  

c a l l y  zero.  

Moreover, the f i r s t  expression ( 6 2 )  g ives  us  

1 l  

---[2 111 (112 -.l) ( I .  + p )  + (2 nz + 1) (3 i. + 2 p )  - 

where -A=12.m+ 1 ) ' ( 3 ~ + 2 p ) ( i . + 2 p ) +  
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Just as in the preceding case, it is shown that A differs from zero for 
any whole and positive value of m since 3X + 2p > 0, 1.1 > 0. It is clearly 
sufficient to restrict ourselves to demonstrating the fact that expression 

(2 ))i - 1) (2 tn + 3) (& &)*"'-I (E: - 1:;)' -- 4- (Jip+S p?nl+  3) ( p 2 ~  - I  - Rim - I) 
61 

possesses this property 

When and X-(+1) are thus determined, 8 is found from the first of ex- 

pressions (56). 

To find El, w3, expressions (53") are substituted into the last re- 

Bearing in mind relationship -+  - + -  ' 0 ,  we mean- 
2'  awl a;, ai3 

ax ay az - 1 6 1  
lationships (55). 

while find 

The other two formulas relative to w2 and i3 are deduced from the written one 

by, as usual, having been expanded by cyclic permutation of 
Hence we divide by 2, integrate, and note that the arbitrary function introduced 
by integration reduces to a constant, since it must be harmonic and regular 
in S and independent of 2. 

!', W, 9i; 3, Y, 2-L 

Because 

- and the terms of zero degree in G1, 0,' w3, are zero, a harmonic and regular 

* It is therefore sufficient to note that 

* Q  B 

a S 
=i- 

s S 
and to perform the integration with respect to p ,  bearing in mind that, by 
virtue of the reciprocity theorem of the spherical functions, one term alone 
differs from zero. 
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- - - - - - - - - -  

func t ion  e x i s t s ,  with a t  least one a r b i t r a r y  cons tan t ,  i n  S of form 

We may wr i t e  

. . . . . . . . . . . . . . . . . . . . . . . .  . . I  

i nd ica t ing  by hl, h2 ,  h 

the  preceding formulas w e  may assume the terms of zero degree i n  0 t o  be zero ,  
s i n c e  0 i n  expression ( 6 5 )  appears  only under d e r i v a t i v e  s igns .  
consider  t h a t  Js 8 a l s o  r ep resen t s  a very d e f i n i t e  func t ion  which is  harmonic 

and r egu la r  i n  S. 

t h ree  a r b i t r a r y  cons tan ts .  L e t  us a l s o  note  t h a t  i n  3 

We may thus 

2 

The values  of u ,  v ,  w s t i l l  remain t o  be determined. W e  may the re fo re  
begin by not ing t h a t  expressions ( 5 3 ' )  may be wr i t t en :  

. . . . . . . . . . . . . . . . . . . . . . . . . .  " I  
* I n  t h e  cont ra ry  case ,  as r e s u l t s  when w e  consider  t he  expansion of any 
func t ion  harmonic i n  S i n t o  a s e r i e s  of s p h e r i c a l  func t ions ,  i n t eg ra t ion  in t ro -  
duces a term of form /g = l og  Z which i s  no t  harmonic. 

Z 
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.- P" X+,++l) + kg , ' I  i 0 . .  . . . . . . . . . . . . . . . . . . . . .  
L e t  us  now make t h e  following observations concerning these  formulas. 

Since 

we may consider that IdZ Q 1 r ep resen t s  a func t ion  which is  harmonic and r egu la r  
2 - -  - 

are 1' w 2 '  w3 i n  S and very determinate.  

ze ro ,  t h e  expressions 7 0dZ; 

as above; i2 
k2,  k3, as biharmonic func t ions  r egu la r  i n  S and independent of 2 ,  are a r b i t r a r y  

cons t an t s .  

Since the terms of degree -1 i n  6; w 
1 I iJ1 d l ,  . .. w i l l  r ep resen t  harmonic func t ions  

2 - 
kl iJ2, w3 con ta in  the  a r b i t r a r y  cons tan ts  h 1, h2 '  h3. F i n a l l y ,  1' 

6. 
Taking due advantage of formulas ( 4 8 )  and ( 6 6 ) ,  w e  w i l l  be ab le ,  without  g r e a t  
d i f f i c u l t y ,  t o  so lve  t h e  problems i n  which t h e  components of t h e  displacements 
along one of t h e  coord ina te  axes and the  s t r e s s  components along t h e  o the r  two 
coord ina te  axes, o r  t h e  displacement components along two coordinate axes and 
t h e  stress components along the  o ther  coordinate a x i s ,  a r e  given on t h e  two 
s p h e r i c a l  su r f aces .  It would the re fo re  h e l p  us  t o  bear i n  mind our procedure 
i n  r e p o r t  I t o  so lve  similar problems for  t h e  f u l l  sphere. 

Cases i n  Which Other Conditions Are Given on the Limiting Spheres. 

/64 

Based on procedures similar t o  the  preceding ones, a l l  those problems i n  
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which t h e r e  are d i f f e r e n t  condi t ions  -- and condi t ions  s i m i l a r  t o  those 
t o  which w e  have a l ready  a l luded  -- f o r  t h e  case  of t h e  body l imi t ed  by two 
paral le l  p lanes ,  are given on the  two sphe r i ca l  su r f aces .  W e  would then have 
t o  make use of the harmonic func t ion  which assumes given va lues  on a s p h e r i c a l  
su r f ace ,  while  on t h e  o t h e r  s p h e r i c a l  sur face  the normal d e r i v a t i v e  assumes 

. . 
I assigned values.* 

F i n a l l y ,  l e t  us a l s o  a l l u d e  t o  t h e  problems i n  which t h e  normal d isp lace-  
ments and t a n g e n t i a l  stresses -- o r  v i c e  ve r sa ,  t h e  normal stresses 
and t h e  t a n g e n t i a l  displacements -- a r e  given on two s p h e r i c a l  su r f aces .  
us a l s o  r e f e r  t o  the problems i n  which the  normal displacements and t a n g e n t i a l  
stresses are given on one s p h e r i c a l  su r f ace ,  and on t h e  o t h e r  -- t he  normal 
stresses and the t a n g e n t i a l  displacements. These problems which may be solved 
by bearing i n  mind t h e  procedure which w e  followed t o  treat  similar problems 
f o r  t h e  e n t i r e  sphere  i n  t h e  l as t  subsection of another  pub l i ca t ion  (Memoria 
d e l  Ci rco lo  matematicale d i  Palermo, V o l .  1 7 ,  1903). 

L e t  

Scientific Translation Service 
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I NASw 4 4 9 6  

* O r ,  even more simply, w e  could continue t o  s tar t  with expressions ( 4 8 )  and 
fo l low t h e  genera l  method advanced by Thomson, which c o n s i s t s  of methodical ly  
applying t h e  obvious observat ion t h a t  any biharmonic func t ion  r egu la r  i n  S i s  
t h e  sum of a harmonic func t ion  which on the  su r face  assumes t h e  same va lues  of 
t h e  biharmonic func t ion  and of a biharmonic func t ion  which becomes zero on t h e  
su r face .  I f ,  f o r  example, the values of displacements on a and of stresses on 

a They w i l l  
be completely determined by subjec t ing  t h e  biharmonic func t ions  X9x + 2 v ( N  + 

w3 y - Ej2z), ... t o  t h e  assumption of given va lues  on a 2' 
c o n d i t i o n s ,  t h e  preceding biharmonic functions w i l l  be formulated, and t h e  terms 
w i l l  b e  neglec ted  which become zero on the  su r face  i n  order  t o  have a harmonic 
f u n c t i o n  . The problem w i l l  then be s impl i f i ed  and e a s i l y  solved. 

1 
are g iven ,  t he  va lues  of Um, Vm, W 2 m a re  determined only i n  p a r t .  

- az 
To s a t i s f y  these  
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